Abstract. In this paper, we study the optimal dynamic asset allocation and benefit outgo policies of the DC pension plan with index-linked target during the decumulation phase. The pension management controls the asset allocation to minimize the deviations between the actual benefit outgo and the pre-set target with index-linked property. Using stochastic maximum principle and HJB methods, we establish the optimal proportions allocated in the risky and risk-free assets separately and the optimal benefit outgo policy. We also study the impacts of the fund wealth, target pension-salary replacement rate, the expected return of the risky asset, and the expected growth rate of the average salary on the optimal policies.
Introduction
In this paper, we study the optimal control policies of the DC (Defined Contribution) pension plan with index-linked property during the decumulation phase. During this phase, the dynamics of the individual plan member's fund wealth are affected by three factors: investment return, benefit outgo and mortality credit. We describe the factors as follows.
For the investment return aspect, the fund wealth is converted into annuities at the time of retirement in the initial stage of the DC plan management. The dynamics of the risky asset follow the geometric Brownian motion, which is captured in Björk [2] . Thereafter the optimal asset allocation problem has extensive applications in the pension management, as in Charupat and Milevsky [4] , and Ngwira and Gerrard [14] . In Milevsky and Young [13] , the fund wealth is allowed to be invested in the risky asset before the compulsory conversion time. After that, the fund wealth is converted into annuities to protect the fund from exhausted. In this paper, we suppose the fund wealth could be allocated in the risky asset during the whole decumulation phase for simplicity and the proportion in the risky asset is a control variable.
For the benefit outgo aspect, the benefit outgo is based on some actuarial principles for the traditional DC plans. Blake, Cairns and Dowd [3] compare the optimal control policies of the PLA (purchased life annuity), ELA (equity-linked annuity) and the ELID (equity linked income draw-down) pension plans. As the pension management and the plan member are given more flexibilities to choose the appropriate benefit outgo, the optimal benefit outgo is described as control variable in recent literatures. In Kapur and Orszag [10] , the benefit outgo is dynamically chosen by the management to achieve the plan members' objectives. Di Giacinto et al. [7] recently solve the stochastic optimal control problem with constraints on the control policies with some specific objective functions. In this paper, we suppose that there are no constraints on the optimal control policies.
The performance criterions of the pension management are mainly divided into two categories: maximizing utilities of benefit outgo exhibit CRRA preference and CARA (constant absolute risk aversion) preference, and minimizing deviations between the actual and target benefit outgo. The literatures on the former performance criterion include Battocchio and Menoncin [1] , and Milevsky and Young [13] . The literatures on the latter criterion originate from the work of Cairns [5] and Gerrard et al. [8] . The two kinds of well recognized performance criterions result in contrary correlations between the optimal asset allocation policy and the fund wealth. In this paper, the minimization of the deviations between the actual benefit outgo and the target pension-salary rate multiplied by the current average salary is the objective function.
Cairns, Blake and Dowd [6] suppose that the dynamics of average salary are governed by geometric Brownian motions. In this paper, the average salary process is governed by a stochastic differential equation with a random source correlated with dynamics of the risky asset. Using stochastic maximum principle and HJB (Hamilton-Jacobi-Bellman) methods in Øksendal [15] , we solve the stochastic optimal control problem and establish the closed-form optimal control policies.
The paper is organized as follows: In Section 2, we establish stochastic differential equations that the dynamics of the fund wealth and the average salary satisfy, respectively. Moreover, minimization of deviation between the actual benefit outgo and the pre-set target with index-linked property is the performance criterion. In Section 3, using stochastic maximum principle, we establish the closed-form optimal asset allocation and benefit outgo policies. In Section 4, we study the impacts of the major factors on the optimal policies.
Optimal Control Models of the Individual Plan Member
In this paper, we study the optimal control policies of the DC pension plan with index-linked property. In most of the DC plans, the investment in the risky asset is allowed during the decumulation phase. Meanwhile, the pension management is given more flexibility to choose the appropriate benefit outgo policies. The asset allocation and benefit outgo policies are two important control variables in the model.
During the decumulation phase, the individual member's fund wealth dynamics are affected by investment return, benefit outgo and mortality credit. We extend He and Liang [9] model to describe the dynamics of the fund wealth as follows.
where ( ) Y t is the fund wealth at time t. π is the proportion allocated in the risky asset and it is a control variable. The admissible domain is
( ) p t is the benefit outgo at time t and it is a control variable in the model. The admissible domain is ( ) ( )
. r is the risk-free interest rate. µ 1 and 1 σ are the expected return and the volatility of the risky asset. The decumulation phase of the pension plan starts at age x 0 . For simplicity, following De Moivre model [11] , and ω is the maximum age of the life table.
( )
is the standard Brownian motion and adapted to a filtered probability space
Next, we establish stochastic differential equation that the average salary dynamics satisfy. The average salary W(t) is governed by the following stochastic differential equations: . µ 2 and σ 2 are the expected growth rate and volatility of the average salary process, respectively. ω 0 is the average salary at the time of retirement.
The objective of the pension management is to minimize of the square deviations between the actual benefit outgo and the pre-set target. It is the first time to consider the optimal control problem of the DC plan with index-linked target during the decumulation phase.
Thus the value function V y, w,t ( ) of the stochastic optimal control is as follows: 
c is the target pension-salary replacement rate. It is an exogenous variable and c > 0. α is the nonnegative weight variable.
The pension management dynamically chooses the optimal asset allocation policy π * and benefit outgo policy p * to minimize the above deviations, i.e., V y, w,t
Solutions of the Stochastic Optimal Control Problem
In this section, we use stochastic maximum principle and HJB methods to solve the stochastic optimal control problem (2.1)-(2.3). By the maximum principle, the solution φ(y, w, t) of the stochastic control problem (2.1)-(2.3) satisfies the following HJB equations: 
with the terminal condition ( ) According to the forms of the terminal condition (3.2), we guess that the solutions φ(y, w, t) = φ(π, p, y, w, t) are ( ) 
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with the terminal conditions 
with terminal condition q w − x 0 − t ( ) = α.
The solution of ODEs (3.5) is, 
with terminal condition m w − x 0 − 1
The solution of ODEs (3.7) is m t 8) where
Substituting Eq.(3.3)-(3.4) into Eq.(3.1) and letting the coefficient of y be zero, we have [16] to prove the verification theorem on the stochastic optimal control problems (2.1)-(2.3).
In conclusion, the optimal asset allocation policy π * t ( ) and the optimal benefit outgo policy p * t ( ) are as follows:
(3.10)
Numerical Analysis of the Optimal Policies
In this section, we study the impacts of the major factors on the optimal policies and the evolution of the optimal policies with respect to time.
In the numerical analysis procedures, we use Monte Carlo Methods to randomly generate 10000 paths of the fund wealth processes. The optimal π * and p * at each time step are the averages of the π * , s and p * , s of the 10000 simulation tracks. According to the empirical evidence from the capital market and the pension management practice, we make the following assumptions: ω = 110. Figure 2 . The impacts of fund wealth y 0 on optimal benefit outgo p * .
Firstly, we study the impacts of the initial fund wealth y 0 on optimal control policies. In Figure  1 , the counterintuitive effect between the fund wealth and the optimal risky investment is also valid in the model. The plan member with less fund wealth prefers to allocate larger proportion in the risky asset, and vice verse. The member with inadequate fund wealth needs to take more risk to obtain the higher return of the risky asset. In Figure 2 , the benefit outgo of the member with less fund wealth is smaller than the member with larger fund wealth during the whole decumulation phase. The convergent effects of the optimal asset allocation and benefit outgo policies with respect to time t are established. Secondly, we study the impacts of the target pension-salary replacement rate c on optimal control policies. Figure 3 shows that the member with higher target pension-salary replacement rate allocates larger proportion in the risky asset. The plan member needs to take more risk to increase the fund wealth and obtain adequate benefit outgo to meet the higher old care demands. In Figure 4 , the member with higher target replacement rate has more stable index tracking efficiency. These are due to the larger risky investment in the former of the decumulation phase and it increases the fund wealth enormously. Thirdly, we study the impacts of expected return of the risky asset µ 1 on optimal control policies. Figure 5 shows that the expected return of the risky asset is positively correlated with the optimal proportion allocated in the risky asset. As the risky investment return is higher, the plan member prefers to invest more in the risky asset. The fund wealth will increase more rapidly and the member could obtain larger benefit outgo.
Finally, we study the impacts of expected growth rate of the average salary µ 2 on optimal control policies. Figure 7 and Figure 8 show the positive correlations between the expected growth rate and optimal proportion allocated in the risky asset, and optimal benefit outgo. 
Conclusion
In this paper, we study the optimal dynamic asset allocation and benefit outgo policies of the DC plan during the decumulation phase. It is the first time to study the deviation minimization problem via considering the target benefit outgo that can exhibit index-linked property. The results show that the counterintuitive effect between the fund wealth and the optimal proportion allocated in the risky asset is valid in the model. Furthermore, the target pension-salary replacement rate, the expected return of the risky asset, and the expected growth rate of the average salary are positively correlated with the optimal proportion allocated in the risky asset, and the optimal benefit outgo. Besides that, the optimal control policies have convergent effects with respect to time. 
